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Abstract 

Supersymmetry of five dimensional string solutions is examined in the 
context of gauged D = 5, N = 2 supergravity coupled to abelian vector mul- 
tiplets. We find magnetic black strings preserving one quarter of supersym- 
metry and approaching the half-supersymmetric product space AdS^ x 
near the event horizon. The solutions thus exhibit the phenomenon of su- 
persymmetry enhancement near the horizon, like in the cases of ungauged 
supergravity theories, where the near horizon limit is fully super symmetric. 
Finally, product space compactifications are studied in detail, and it is shown 
that only for negative curvature (hyperbolic) internal spaces, some amount 
of supersymmetry can be preserved. Among other solutions, we find that the 
extremal rotating BTZ black hole tensored by preserves one quarter of 
supersymmetry. 
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1 Introduction 



The conjectured equivalence between string theory on anti-de Sitter (AdS) 
spaces (times some compact manifold) and certain superconformal gauge 
theories living on the boundary of AdS |^ has led to an increasing interest 
in black objects in asymptotically anti-de Sitter spaces. On one hand, this 
interest is based on the fact that the classical supergravity solution can fur- 
nish important information on the dual gauge theory in the large limit, N 
being the rank of the gauge group. An example of this is the Hawking-Page 
phase transition p| from thermal AdS space to the Schwarzschild-AdS black 
hole, which was later reconsidered by Witten in the spirit of the AdS/CFT 
correspondence 0. There it was observed that it can be interpreted as a 
transition from a low-temperature confining to a high temperature deconfin- 
ing phase in the dual field theory. 

On the other hand, the proposed AdS/CFT equivalence opens the possibility 
to a microscopic understanding of the Bekenstein-Hawking entropy of asymp- 
totically anti-de Sitter black holes. This route was pioneered by Strominger 
[^], who used the central charge of the AdSa asymptotic symmetry algebra 
[^] to count the microstates giving rise to the BTZ black hole entropy. 
Of particular interest in this context are black objects in AdS space which pre- 
serve some fraction of supersymmetry. On the CFT side, these supergravity 
vacua could correspond to an expansion around non-zero vacuum expecta- 
tion values of certain operators. Supersymmetry of Reissner-Nordstrom-AdS 
black holes in four dimensions was first studied by Romans in the context 
of = 2 gauged supergravity ||^. These considerations have been extended 
later in various directions 0, ^ 0, |12], |13|, [l^, |16|. One common 



feature of all results is the appearance of naked singularities in the BPS 
limitQ. This means that the theory on the bulk side is ill-defined in the limit 
of small distances, and stringy corrections have to be taken into account. 
Although many string- and brane solutions in ungauged supergravity theories 
are known, very little is known on the corresponding objects in the gauged 
case. To remedy this will be the main purpose of the present paper. In 
particular, we will derive supersymmetric black string solutions with various 
topologies in five dimensional N = 2 supergravity theories coupled to vector 



^It is worth pointing out, however, that by including rotation [|[ |l^, or by allowing 
for different event horizon geometries [|o[ |lf], one can get genuine BPS black holes in 
anti-de Sitter space. 
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multiplets . The theory of ungauged five- dimensional N = 2 supergravity 
coupled to abelian vector supermultiplets can be obtained by compactifying 
eleven- dimensional supergravity, the low-energy theory of M-theory, on a 
Calabi-Yau three- fold |T^. Gauged supergravity theories are obtained by 
gauging a subgroup of the R-symmetry group, the automorphism group of 
the supersymmetry algebra. The gauged D = 5, N = 2 supergravity theo- 
ries are obtained by gauging the U{1) subgroup of the SU{2) automorphism 



group of the superalgebra [T^ . The Lagrangian of the theory is obtained by 
introducing a linear combination of the abelian vector fields already present 
in the ungauged theory, i. e. = V/A^, with a coupling constant g. The 
coupling of the Fermi-fields to the U{1) vector field breaks supersymmetry, 
and therefore gauge-invariant (^-dependent terms must be introduced in order 
to preserve N = 2 supersymmetry. In a bosonic background, this amounts 
to the addition of a (^^-dependent scalar potential [P, P^. 
Our work in this paper is organized as follows. Section contains a brief re- 
view of D = 5, N = 2 gauged supergravity. In the supersymmetric string 
solutions are derived, and their near horizon limit is studied. In section ^ 
general supersymmetric product space compactifications of D = 5, N = 2 
gauged supergravity are considered. Finally, our results are summarized and 
discussed in ^. 



2 D = 5, N = 2 Gauged Supergravity 

The bosonic part of the gauged supersymmetric N = 2 Lagrangian which 
describes the coupling of vector multiplets to supergravity is given by 

^^,,up^XCjjkFI^F^^A^, (1) 

where fi, v are spacetime indices, R is the scalar curvature, F^^^ denote 
the abelian field-strength tensors, and e = ^J—g is the determinant of the 
Fiinfbein e^. The scalar potential V is given by 

v{x) = VjVj Ux'x' - ^g'^d,x'd,xA , 
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where represent the real scalar fields satisfying the condition V = 
ICijkX^X-^X^ = 1. The physical quantities in can all be expressed in 
terms of the homogeneous cubic polynomial V which defines a "very special 
geometry" [O. We also have the relations 



Gij 
Gij 



--didjlogV 
d.X'd.X'Gij 



v=i 



V=l 



(2) 



where di and di refer, respectively, to a partial derivative with respect to the 
scalar field 0^ and X^ = X\^'). 

Note that for Calabi-Yau compactification of M-theory, V is the intersection 
form, X^ and Xj = ^CukX-^X^ correspond to the size of the two- and four- 
cycles and CijK are the intersection numbers of the Calabi-Yau threefold. 
The supersymmetry transformations of the gravitino ipfj, and the gauginos Aj 
in a bosonic background read B 



6X, 



V, + ^X,(r/^ - 45/r'')F./ + IgV.X^Vj - ^gVjAi ) e, (3) 



(4) 



where e is the supersymmetry parameter and is the covariant derivative^. 



3 Supersymmetric String Solutions 

As a general ansatz for the supersymmetric solutions we consider metrics of 
the form 

ds" = -e^'^de + e^^dz" + e^^rfr^ + F{rfda\ (5) 

where V, T, U are functions of r only, and we consider either F{r) = r or 
F{r) = R = constant, da^ denotes the metric of a two-manifold S of constant 
Gaussian curvature k. Without loss of generality we restrict ourselves to the 

2We use the metric r?"^ = (-,+, +, +, +), {^^ T^} = 2^'', V^^d^+ ^co^abT''', co^ab 
is the spin connection, and r'^i^^ - 'i™ ^ I^y^^^T"^ ■ • -r""!. 
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cases k = 0,±1. Clearly 5 is a quotient space of the universal coverings 
{k = 1), H"^ {k = —1) or {k = 0). Explicitly, we choose 

da^ = de^ + f{e)^d(j)^, (6) 

where 

{sin 6* , k = 1, 
1 , fc = 0, (7) 
sinh 9 , k = —1. 

The case k = 1, F = r has been considered in There, a spherically 



symmetric magnetic string solution was obtained, which contains a naked 
singularity. 

For the metric (|^), the fiinfbein and its inverse can be chosen as 

^0 = 6^, 6;^ = e , 62 = e ^, 63 = — , 64 = (8) 
The nonvanishing components of the spin connection are given by 



02 ^ ^/gV-C/^ 

12 rp/T-U 



out' = T'e 



23 ^ _F'e-^, 



24 = -F'/e-^, 



34 



-/'• (9) 



In five dimensions, strings can carry magnetic charges under the one-form 
potentials , so we assume that the gauge fields have only a magnetic part, 
i. e. 

= Wf{0), A\ = kq' J f{e)de. (10) 

Furthermore, we are looking for solutions with constant moduli , which 
are chosen to minimize the magnetic central charge Z = q^Xj, as in the case 



of the double extreme solutions in the ungauged theory [^, ^ . This means 
that one has 

di{Z) = d,{q'Xj) = ^CjjKX'd,{X-')q'' = 0. (11) 



Moreover, we make the choice 

X^Vi = 1. (12) 

Using ( ]TT| ) and (]T^), the gaugino transformations can be easily seen to 
vanish identically. 

Plugging the spin connection @ and the mag netic fields (|10D into (D, we 
obtain for the supersymmetry variation of the gravitino 

s^P. = (9. + iT'e^-^ri2 + f ^|^ri34 + f e^ri) e, 

Si^r = + ^1^1234 + fe^r2)e, (13) 
Si^e = [de-lF'e-^T,,-'-I^T, + ^-FT,y, 

S^P, = (d, - \F'fe-^T,, - I/T34 + ^r3 + |F/r4 - ^gV,q^k j fdO^ e. 
In what follows, we will consider three different cases. 

3.1 Solutions With Flat Transverse Space 

Let us first consider the case A; = 0, F = r, i. e. fiat transverse space. 
Our choice ([1^) implies that we have vanishing gauge fields for = 0. The 
vanishing of the gravitino supersymmetry transformations ([T3| ) then yields 
the Killing spinor equations 

(a, + ^e^ro(v^'e-^r2 + ^?))e = 0, 

(^a, + ^e^ri(T'e-^r2 + (7)^e = 0, 
(9, + Vr2)e = 0, 
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d^ + ]-T,{e-''T2 + gr)]e = 0. (14) 



2 

From the integrability conditions of these equations one gets 

= = = gr. (15) 

Plugging these results into (|T3|) and introducing the projectors P± = |(1 ± 
r2), we obtain for the Killing spinors 

e = r~hl - gr-2{grot + gV^z + Tg^ + r40)e° + r^e" , (16) 

where e^. are constant spinors satisfying P^e± = 0. From ([T5| ) it is clear that 
the solution we found is locally AdS^ (written in horospherical coordinates). 
(|16D tells us that this spacetime, as it should be, is fully supersymmetric. 
However, one may wish to compactify the [6, (p) sector to a cylinder or a 
torus, considering thus a quotient space of AdS^. In this case, the surviving 
Killing spinors are those which respect the identifications performed in the 
{6, 0) sector. These are 

e = r5e° , (17) 

so that the considered AdS^ quotient space preserves half of the supersym- 
metries. 

Note that the above supersymmetric string solution is a limiting case of a 
family of nonextremal black strings, whose metric is given by 

ds^ = -e^'^de + r^dz^ + e-2^dr2 + r\de^ + d<p'), (18) 

where 

e^^ = -^+^/V, (19) 

m denoting an integration constant related to the mass of the black string. 
Considering Z clS cl coordinate of transverse space, (|18D clearly can also be 
interpreted as a black hole, it is the solution found in ET 



3.2 Hyperbolic Transverse Space 

We turn now to the more interesting case of hyperbolic transverse space, 
i. e. k = —1, F = r. As supersymmetry breaking conditions we take 

r3r4e = ie, 

Fse = -e. (20) 
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Then, the transformations (|^) reduce to 

5^t = 

6ij, = 



Sip 4, 



2 



(21) 



^(1 - 3gViq^) cosh^ - -(e^^ + - - 9^) smhOT^ ] e. 



The vanishing of the above equations imphes the following conditions on 
the super symmetry spinor e, 



dte 


= 0, 


dze 


= 0, 


dee 


= 0, 


d^e 


= 0, 


3gq'Vi 


= 1, 


Z 

\-gr 

r 


= 0, 


Z 

+ 2;^ + ^ 


= 0, 


z 

+ 2;^+^ 


= 0. 



-e-^V + ^ + g = 0. (22) 
The last two equations in (|22D imply that one should set T = V. From 

(23) 



the sixth equation of (^2]) , one immediately obtains 

Z 



+ gr. 

r 

Using the last equation of (|22|) , we obtain a differential equation for V, 

Z 



V^'e-^ = g + 



2r 



2 ■ 



(24) 



The above differential equation can be easily solved by noticing that it can 
be rewritten in the form 

dV d , , TT, 1 c? , ,e~^ ^ 

(Recall that the central charge Z takes a constant value to be determined). 
( ^Sf) yields the following solution for V, 

= e-^-^{gr-)-K (26) 

Let us now return to the minimization condition (|TT|) of the magnetic 
central charge. It implies that the critical values of and its dual are given 
by 

X - -, Xj- - , (27) 

and thus the critical value of the magnetic central charge is 

ICjjKq'q'q''^ ' • (28) 

Using the conditions X^Vi = 1 and the fifth relation of (p2l), one obtains a 
generalized Dirac quantization condition 

ICjjKq'q'q''^ ' = ^. (29) 

For the case of pure supergravity where only the graviphoton charge g° is 
present, one obtains g° = l/{3g). A similar condition was obtained in p, |1^ 



To summarize, the BPS magnetic black string solution to D = 5, N = 2 
gauged supergravity coupled to vector multiplets is given by 

ds^ = {grf^e-l^'i-df + dz^) +6^'' dr^ + r^de^ + smb.'' ed<P^), 

e-^ = -TT^ + ^r, (30) 
3gr 

while the gauge fields and the scalars are 

AJ, = -g^cosh6', 

X' = 3gq'. (31) 
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The Killing spinor is independent of the angular variables, and its radial 
dependence is obtained by solving for its radial differential equation, which 
reads 

1 ^ 

Using the relation (^^ , the above differential equation can be written in the 
simple form 

1. 



9r-—i9 + 7—^))e = 0. (32) 



Or - ^V'j e = 0, (33) 
and thus we get 

e(r) = e5^eo, (34) 
where eo is a constant spinor satisfying the constraints 

r3r4eo = ieo, T2eo = -eo- (35) 

As the Killing spinors do not depend on the coordinates ^, of the transverse 
hyperbolic space, one could also compactify the H"^ to a Riemann surface Sn 
of genus n, and the resulting solution would still preserve one quarter of 
sup er symmet ry. 

Whereas the spherical BPS magnetic string found in contains a naked 



singularity, the hyperbolic black string (^) has an event horizon at r = 
r+ = l/((7^/3). This is analogous to the AdS^ case, where BPS magnetic 



black holes with hyperbolic event horizons have been found |jTO[, whereas for 

spherical topology one gets supersymmetric naked singularities 0. 

Note that the black strings (POD are solitonic objects in the sense that the 

limit g —>■ (we recall that g is the coupling constant of the gauged theory, 

coupling the U{1) vector fields to the fermions) does not exist. 

In the near horizon region, (pOD reduces to the product manifold AdS^ x H^. 

This is easily seen by introducing the new radial coordinate p = {r—r_^_Y^^. In 

the next subsection, we will see that in the near horizon limit, supersymmetry 

is enhanced. 
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3.3 Hyperbolic Transverse Space and Constant Warp- 
ing Function 

Let us now consider the case k = —1 and F = R, where i? is a constant. We 
also choose T = V. As supersymmetry breaking condition we take 

r3r4e = ie. (36) 

The KiUing spinor equations following from @ are then 

s^t = + li^'e^-^ro2 + ^Z^Fo + Vro) 6 = 0, 
si^. = (5. + ^^'e^-^ri2 + ^^^Fi + Vri) e = 0, 

S^r = (^9, + ^z|^r2 + |e^r2^ e = 0, (37) 

Si^e = - + |i?r3^ e = 0, 

d(j, — - cosh 9 — — sinh OT^ + ^— sinh OTa, + —gViq^ cosh 6* ] e = 0. 
2 2x1 2 2 y 

The integrability conditions for these equations imply that 

3gViq' = 1, (38) 

and that the central charge is related to the compactification radius by Z = 
gR^. Furthermore, one obtains 

driV'e''-^) = Ig'e™, Ve'^ = ^g. (39) 

Defining a new radial coordinate p hj gp = e^, one immediately sees that 
the three-dimensional part of spacetime is AdSs in horospherical coordinates. 
We have thus obtained a supersymmetric product space AdS^ x H^, i. e. the 
near-horizon geometry of (30). Plugging the relations (^) and Z = gR^ 
into (P7D, one obtains that the Killing spinors are independent of 6, (p. The 
remaining system is solved by 

e = e-i^e° - ^ge'^''{Tot + T,z)el + e^^e° , (40) 
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where are constant spinors satisfying 

(l^r2)e°=0, T,T,el = tel. (41) 

The product space AdSs x is thus one half supersymmetric. This su- 
persymmetry enhancement near the horizon of the BPS black string is anal- 
ogous to the case of ungauged supergravity theories, where usually in the 
near-horizon limit supersymmetry is fully restored. 

4 General Product Space Compactifications 

In this section we consider general product space compactifications of gauged 
D = 5, N = 2 supergravity coupled to vector multiplets. Spacetime is 
assumed to be a product M3 x M2, where, as above, M2 denotes a two- 
manifold of constant curvature. We are interested in the conditions imposed 
by supersymmetry on M2,3. To this end, we perform a 3 + 2 decomposition 
of the gamma matrices^ in the following way 

pa _ ^pa^ pJ) _ ^^a ^^3^1^ S*'), (42) 

where early Greek letters a, P, . . . are M3 spacetime indices, and . . . are 
M2 spacetime indices. The hatted indices refer to the corresponding tangent 
spaces. The 7° and S* denote Dirac matrices in three and two dimensions 
respectively. To be concrete, we make the choice = cr^, = a^, where 
the Pauli matrices are chosen to be 

^^^(°o)- 

The supersymmetry parameter e in five dimensions is decomposed as e = 
ri®x- Note that plays the role of a chirality operator for the spinors x 
two dimensions. Some useful relations needed below are 

= ^ _ ^ ^ y}\ t^VV = 7" ® a^T}T.K (44) 

For the field strength of the abelian vectors we make the ansatz 

F' = q'e, (45) 

•^See the appendix of for a nice summary of gamma matrix decomposition in Kaluza- 
Klein compactifications. 
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where e denotes the volume form on The gaugino variation (^) vanishes 
as before, provided that (|lT]) and VjX^ = 1 are satisfied. (Note that we still 
assume the moduli to be constant). Inserting the decomposition of the 
Dirac matrices and the supersymmetry parameter, as well as the ansatz for 
the field strength into the gravitino variation (^) yields the relations 

(da + ^^flap + \xiq'la + |7a) r,®X+ 

+ [da + ^u;f 7^^ + \Xiq'^a - |7a) V ® X- = ^ (46) 

and 

[d: + - ^X,g^e.,S^- + |s, - f^^V.^') X = 0, (47) 

where x± = |(l=tcr^)x denote the chirality projections of the two-dimensional 
spinor x- From ( ^B[ ) we get that either X- and the bracketed expression in 
the first line have to vanish, or x+ and the term in brackets in the second line 
are zero. Without loss of generality, we assume the first possibility. Plugging 
X- = into (1^), one obtains 

((7Si-^X,g%S^)x+ = 0. (48) 

In order to have nontrivial solutions to this equation, the determinant of 
gT^i — iZeijT,^ has to vanish. This implies 

Z = ±g (49) 

for the magnetic central charge Z. One can easily show that the lower sign 
is incompatible with the condition cr^x+ = x+, so the upper positive sign is 
chosen and (^) is then automatically satisfied. The remaining Killing spinor 
equation for x+ reads 

Va+ = 0, (50) 

with the gauge- and Lorentz-covariant derivative given by 

Vr = d, + - ^gViAl (51) 

"^We apologize for using the same symbol for the volume form and the supersymmetry 
parameter, but the meaning should be clear from the context. 
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The integrability condition for (|50| ) is 

[V,,V,]x+ = 0, (52) 

or, equivalent ly, 

i\R^0^''-j9Viq'^.,)x+ = O- (53) 
Taking into account that M2 is of constant curvature, we have 

Rijki = ^{gikgji - gugjk) (54) 



for the Riemann tensor of M2. Using this in (^31), one immediately obtains 

R + 6gVjq^ = (55) 
for the scalar curvature R of M2. From q^Xj = g we have 

X' = ^ (56) 
9 

for the moduli, and thus 

R = -QgVjq^ = -Qg^VjX^ = -Qg^ < (57) 

for the scalar curvature R. This means that, to preserve some supersym- 
metry, M2 must be diffeomorphic to hyperbolic space or to a quotient 
thereof. 

Using the second Cartan equation, one obtains that the spin connection u;^^ 
on M2 is related to the vector potential by 

q'co'' = 

Using this, (|50D reduces to diX+ = 0, so that x+ is independent of the 
coordinates on M2. The remaining equation to solve is the Killing spinor 
equation on M3 for 77, i. e. 

[d^ + 7^^ + ^^^7.) V = 0. (59) 
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The integrability conditions for (|59| ) yield that M3 must be an Einstein space 
with cosmological constant A = —{3g/2y. As we are in three dimensions, this 
means that M3 is also of constant curvature, i. e. a quotient space of AdS^. 
Note that the chirality condition x = X+ breaks half of supersymmetry. The 
amount of supersymmetry preserved by M3 x M2 is then determined by the 
solutions of (0). If M3 = 74^5*3, then the whole solution 74^5*3 x is half 
supersymmetric, in agreement with what we found above. However, we can 
also choose M3 to be e. g. the BTZ black hole. If we take the extremal rotating 
BTZ black hole, which preserves one half of the AdSs supersymmetries 



then the solution BTZextr x preserves one quarter of the supersymmetries. 
We would like to point out that BTZxif^ compactifications of Z) = 5 anti- 
de Sitter gravity without gauge fields were previously considered in [^]. 
However, as we showed above, due to the relation Z = g these configurations 
cannot be supersymmetric unless some gauge fields are turned on. 



5 Summary and Discussion 

To sum up, we presented supersymmetric string solutions of gauged D = 5, 
N = 2 supergravity coupled to abelian vector multiplets. The main result 
is the construction of a BPS black string with hyperbolic transverse space, 
preserving one quarter of supersymmetry. The curvature of the is sup- 
ported by a nonvanishing field strength of the vector fields. The black strings 
are thus magnetically charged. In the near- horizon limit, their geometry ap- 
proaches the half-supersymmetric product space 74^5*3 x H^, so we encounter 
supersymmetry enhancement near the horizon. This behaviour is similar to 
the case of ungauged supergravity theories. Note however, that in the un- 
gauged case, usually supersymmetry is fully restored near the event horizon. 
As the near horizon geometry contains an AdS^ factor, it should be possi- 
ble to use the AdS^ asymptotic symmetry algebra |^ in order to count the 
microstates yielding the Bekenstein-Hawking entropy of the extremal black 
string. This was done in [ffl for the BTZ black hole, and subsequently gener- 



alized in p6| , P7| , [28| , |29[| to higher- dimensional black holes containing a BTZ 
factor near the horizon. In our case, a similar procedure is hindered by the 
fact that we get the M = J = BTZ black hole in the near-horizon limit, so 
using Cardy's formula we would obtain an incorrect result for the entropy. 



Similar difficulties have been encountered in |pO[ , where a state counting for 
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extremal black strings in three dimensions was performed. This suggests 
that a similar approach to that in must be used in our case, in order to 
overcome the above mentioned difficulties. 

It is also of interest to investigate the role of the BPS magnetic black strings 
in the AdS/CFT correspondence. Note that the U{1)^ truncation of gauged 
D = 5, N = 2 supergravity can be embedded into type JIB supergravity 
[0. This means that our solutions can be lifted to ten dimensions, with 
an internal five-sphere that is distorted by the one-form gauge fields A^. 
That breaks the isometry group SO (6) of the down to a smaller sub- 
group. In the dual CFT, which is ^^ = A SYM on x H'^{ot Rx x H^, 
if the coordinate z parametrizes a compact space), the isometry group 
becomes the R-symmetry. On the CFT side, we are now dealing with the 
presence of nonvanishing background U{lY currents, which break the global 
5*0 (6) R-symmetry. In principle, it should also be possible to count the 
microstates giving rise to the black string entropy using the dual SYM the- 
ory on X in the presence of these global background U{1)^ currents. 
As the near-horizon geometry is AdS^ x H^, the presented magnetic black 
string solutions may also have a holographic interpretation in the sense that 
the four- dimensional field theory discussed above flows to a two-dimensional 
CFT in the IR. These issues are currently under investigation p2| . 
Finally, in the present paper, we also investigated 3 + 2 product compactifi- 
cations, and showed that only if the internal two-manifold is diffeomorphic 
to H^, some amount of supersymmetry can be preserved. As an example we 
found the one quarter supersymmetric BTZ^xtr x configuration, where 
BTZextr denotes the extremal rotating BTZ black hole. Considering the 
equations of motion following from (|l]), one easily sees that one also can 
have the nonextremal BTZ black hole tensored by as a solution in pres- 
ence of magnetic gauge fields. Presumably, these configurations arise as the 
near-horizon limit of the nonextremal generalization of (|30|) . 
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